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Abstract 

We describe the classical Schwinger model as a study of the pro- 
jective modules over the algebra of complex-valued functions on the 
sphere. On these modules, classified by 712(6'^), we construct her- 
mitian connections with values in the universal differential envelope 
which leads us to the Schwinger model on the sphere. The Connes-Lott 
program is then applied using the Hilbert space of complexified inho- 
mogeneous forms with its Atiyah-Kahler structure. This Hilbert space 
splits in two minimal left ideals of the Clifford algebra preserved by 
the Dirac-Kahler operator D = i[d — 5). The induced representation 
of the universal differential envelope, in order to recover its differen- 
tial structure, is divided by the unwanted differential ideal and the 
obtained quotient is the usual complexified de Rham exterior algebra 
over the sphere with Clifford action on the "spinors" of the Hilbert 
space. The subsequent steps of the Connes-Lott program allow to de- 
fine a matter action, and the field action is obtained using the Dixmier 
trace which reduces to the integral of the curvature squared. 
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1 Introduction 



Since Dirac's seminal paper the static magnetic monopole has been of 
considerable interest, not as much as a physically realised system but mainly 
as an example of a theory with nontrivial topological features. It is a curious 
coincidence that Dirac's paper appeared in the same year as Hopf's paper 
on circle bundles over the sphere. The geometrical fibre bundle approach 



appeared in the seventies by Wu and Yang in a language more accessible 



to physicists and by Greub and Petry in a more formal way. Another 
approach using the differential characters of Cheeger and Simons [0] was 
made by Coquereaux 0]. The monopole is described by its magnetic field 
defined on R^\{0}, homeomorphic to S*^ x R_,_, of which the sphere S'^ is a 
deformation retract. The non-trivial topological features are thus common to 
both R'^\{0} and S'^ and for simplicity reasons we restrict ourselves to the 
case of the sphere on which we include spinor fields. This actually means that 
we switched from the Dirac monopole in three dimensions to the Schwinger 
model on the sphere. 

Here we examine this model in the light of Serre-Swan's theorem on the 
correspondence between the sections of (complex) vector bundles over the 
sphere S"^ and the projective modules over the algebra of smooth complex- 
valued functions on the sphere A = C°°{S^,IV) ® C. We then apply the 
Connes-Lott program^ with a suitable Hilbert space and Dirac operator and 
obtain the results similar to those of the (classical) Schwinger model on the 



sphere. ||14 



The main interest of our work consists in an explicitly worked out example 
of the Connes-Lott scheme applied to a relatively simple system. Since the 
approach is entirely algebraic, it is feasible to generalise to the tensor product 
C°°(M, R) ® Ap, where Ap is a finite, involutive algebra, not necessarily 
commutative, e.g. the "standard model" choice C © H © M3(C). 

In section 2 we define our notation for the relevant differential geometry 
on the sphere. The classification in topological sectors of the hermitian finite 
projective modules Aip over A is given in section 3. The hermitian con- 
nections Vp with values in the universal differential envelope Q*{A) are also 
constructed. In section 4 we make our choice of a Hilbert space Ti. and a Dirac 



°We refer to the original Connes-Lott paper [|6[, to the review article 1 17 and to Connes' 
book [i. 
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operator D. Instead of the usual square integrable spinors on the sphere and 
the usual Dirac operator associated to the Levi-Civita connection, we choose 
the space of sections of the Atiyah-Kahler bundle with its Clifford module 
structure and with T) = i{d ~ 6) as Dirac operator. We do not discuss here 
the possible physical interpretation of these "Kahler spinors" which remains 
controversial and for which we refer to and 0. The representation of 



the algebra in 7i, together with the Dirac operator D induces a representa- 
tion of the universal envelope Q'{A) in Ti. However, this representation is 
not a differential one and an unwanted ideal has to be quotiented out. The 
elimination of this so-called "junk" is done in the standard manner and 
yields a representation in Ti of the connection with values in the de Rham 
exterior algebra. Finally, in section 5 the projective modules A4p are ten- 
sored over A with the Hilbert space H allowing to construct a covariant Dirac 
operator V{Vp) in Aip ®a 'H, used in the matter action. The Yang-Mills 
functional, in each topological sector, is obtained by the Dixmier trace of the 
square of the corresponding curvature operator. Some conclusions are drawn 
and further prospects are presented in section 6. 

The appendix contains a miscelanea of formulae useful in explicit calcula- 
tions. 

2 Differential Geometry on the Sphere 5^ 

The sphere of radius r is defined as S"^ = {p = (x, y, z) G R^| x^+y'^+z^ = r^} 
and the stereographic projection on the equatorial plane is given in the austral 
chart Ha = {p E S^\z < r} by: 

X y 

(f)A: Ha-*R^ : (x, y, z) (^, r/) , where i = , rj = , (2.1) 

r — z r — z 

with inverse 

(j)A~^ : ^ if A : V) {^^ , where 

X _ 2^ y _ 2r] z _ C.^ + r]'^ - 1 

r ~ 1 + ^2 + ' r ~ 1 + ^2 + r/2 ' ~ " 1 + ^2 + ^2 • 

In the boreal chart Hb = {p & S'^\ — r < z} one has 

(PB:HB^R'':{x,y,z)^ii',r]'), where e' = ^ , v' = ^ , (2-2) 

r + z r + z 
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with inverse 

: ^ iffi : (^', 77') ^ {x, y, z) , where 
X _ 2^' y _ 2ri' z _ 1 - C'^ - v'^ 

It is useful to introduce the complex coordinates (a = C + ii] with its complex 
conjugate (% — ^ — irj in Ha and Cb = ^' ~ i Cb = ^' + in 
In the overlap HaHHb = {{x,y.z) G 5*^1 —r<z<r}, both coordinates are 
related by C^C^ = 1, displaying the complex structure of S*^ ~ CPi. 
Spherical ccordinates are defined on this overlap by : 

x = r sin ^ cos (p , y — r sin 9 sin (p , z — r cos 9 , 

related to the coordinates above by 

Ca = cotg(^/2) exp{+iip) , Cb = tg(^/2) exp{-iip) . (2.3) 

Note that the signs are chosen such that the orientation defined by tj) 
corresponds to a positive inward oriented normal on 5"^ as imbedded in 
and is opposed to that of (PiV)- 

The metric on the sphere S"^ is obtained as the pull-back of the Euclidean 
metric on R^ : qe = dx ® dx + dy ® dy + dz ® dz . In Ha it is written as : 

giA = ^^«)fi^+r ®r , (2.4) 

with the Zweibein 

9^ = ^di and r = l-dry , where /a = 1 + 101' ■ 

JA JA 

In terms of 9_a — ^ -\- i9P — j^d^A and its conjugate the metric reads : 

g\A^l{9'A®9A + 9A®9'A)- (2.5) 
Similarly in Hb, the Zweibein is given by 

9^' = Ad^' and 9!" = ^drj' , where /b = 1 + ICbI' , 

JB JB 
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or by 9^ = 9^' — = j^^Cb and so that the metric reads : 

g|B = i^' ® 9^' + r = \ {9% ®9b + 9b®9^j,). (2.6) 
In the overlap Ha PI Hb-, one has the relation 

^-A = -]^2^B , and = -^^B . (2.7) 

In this overlap, spherical coordinates can also be used and one has 

// = sin^(e/2) , fB' = cos\9/2); 
9ji = —exp{i(p)(d9 — ism9d(p) , 9^ = exp{—i(p){d9 — ism9 dip) . 



In Ha the structure functions of the Zweibein field are given by : 
d9^ = 7] 9^ A and = ^9" A 9^ or by 

d9A = l/2CA9AA9'A, (2.8) 
and the Levi-Civita connection reads : 

= -(^9" - T]9^) O 9"^ and V^'' = -{r]9^ - ^9") ® 9^ or by 

V^^ = -l/2(a^^ - CaOa) ® Oa . (2.9) 

Similar expressions hold in Hb and the relation with ( |2.8| ) and ( p.9| ), in the 
intersection HaCiHb, is easily worked out. 

The oriented area element u on the sphere is given, respectively in Ha and 
HBhy. 

oo\A = r:=9^A0P='-9AA9\ 

uj\B = -t' := -9^' A9!'' = ^9bA9%. (2.10) 
and in the overlap Ha PI Hb , one has 

ijj\A = = —d9 A sin 9d(f . 



On the sphere, a local basis of the space of differential forms JF*(M), is given 
in Ha by 

The only non zero C°°(5'^, R)-valued scalar products of these basis vectors, 
as defined in ( |A.10| ), are: 

g-\l, 1) = g~\e^A^) = g'\e\e^) = g-\r,r) = 1 . 

The multiplication table of the real Clifford algebra Ci{S'^), defined in ( |A.2(j| ) 
of the appendix, is given in table (0). 



Table 1: Clifford multiplication 



V 


1 




r 


T 


1 


1 


0j 




T 


0^ 


0^ 


1 


T 






QV 


-r 


1 


-0^ 


T 


T 


.ffn 




-1 



Besides the trivial idempotent 1, the primitive idempotents are of the form 
P = 1/2(1 + + h^&P + cr), with hl + hl = l + c\ 6^, c G ^^{8^, R) . 
The Dirac-Kahler operators, V = i{d — 6) and = i{d^ — 6^), defined 
in ( [02D and ( [03D , conserve the left-, Jf = Ci{S^) V P, and right-ideals, 
= Py Ci{S'^), if and only if VxP = for any vector field X on the 
sphere. This happens if 6^ = 6^ = and 1 + = 0, so that there is no 
real solution. Thus, although the real representation of Ci{S'^) is reducible, 
the invariant subspaces are not conserved by the Dirac-Kahler operators. 
However, in the complexified Clifford algebra C£*^(S'^), there is a solution, 
namely P± = 1/2(1 ± itu), so that the minimal left-, J| = Ci'^{S'^) V P±, and 
right-ideals, = P± V Ci^{S'^), are conserved by V, respectively V^. 
The complexified Clifford algebra Ci^{S'^) can then be decomposed in a sum 
of minimal left ideals: C£^{S'^) = Xf + I^, providing two equivalent rep- 
resentations of Ci^{S'^) on these ideals X^. To write down explicit matrices 
for these representations, one chooses a local basis of in each chart. 
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e.g. in Ha-, one takes (P^ (5±) , where Q^ = O^M . 

P^ = ^(l + ^r), Qi = \{e^ + ie^)= ^da, (2.11) 

Pf = l(l-ir), g^ = |(^^-zr)= ^dCl- (2.12) 
In i^B, one has (Pf Q^) , where ^ 9^' V and 

Pf = ^(l-^r'), = |(^«' - ^r') = ^dCi. , (2.13) 

P_^ = i(l + zr'), = |(^^' + zr') = ^dC^, (2.14) 
with the relation in Ha f] Hb given by : 

(pf Qi) = (pf gf ) rf ^ , (2.15) 

where 

A general inhomogeneous form is now written as ^ = ^^"""^ + ^f^~\ with 

= (^f gf) ( ) (2-16) 

and, in Ha fl -f^S; one has the gauge transformation : 

An clement $ of the Clifford algebra is then represented in each ideal Z^, 
locally by the matrices 7^±($), 7^|($) : 

$v(p^ g^) = (Pf g^)7^^(<f), (2.18) 

$v(pf gf) = {PiQl)nl{^). (2.19) 
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Explicit matrices are obtained from table (|^). 

Table 2: Representation of the Clifford algebra 



V 




Qi 


pA 


Q^- 


1 




Qi 


pA 


Qi 




Qi 


p^ 


Q^- 


pA 


QV 


-iQi 


iP^ 


tQ^ 


-tP^ 


T 


-IP^ 


iQi 


iP^ 


-iQ^ 



nm = [\\) . nm = ( =^0' ) . (2.20) 

In the overlap region Ha PI Hb-, one has: 

7^f ($) = rf ^ 7^^($) (rf ^)~' . (2.21) 

In C£*^(S'^), the complex conjugation yields {Pf)" = P^ , {QiY = Q^ so 
that the basis {P^ Qi) is orthonormal (see table (^) with respect to the 
sesquilinear form /i~^(\I', $) = g~^{'$'^, $), given in ( [A.21[ ). 



Table 3: Orthonormality relations 





Pt 


Qi 


pA 


Q^- 




1/2 











Qi 





1/2 








pA 








1/2 





Q^- 











1/2 



This hermitian scalar product with values in ^^(5"^, R)*^ is given by : 

h-\^!, $) = /i-i(^(+), $W) + h-\^^-\ , (2.22) 
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where, in chart Ha say, 

h-\^\i\ = I + i^Pt'^'^rd'''') . (2.23) 

Integrating over the sphere yields, in each X^, a hermitian scalar product, as 
in ( |A.22| ), with complex values : 

(^(±) I $(±)) = / /i-i(^(±),$(±))cj . (2.24) 

Each is then completed with this product to form a Hilbert space 'H{P±) 
and the total Hilbert space is the direct orthogonal sum H{P+) © 7Y(P_). 
The Dirac-Kahler operator conserves this splitting and reads : 

= V^+)¥+^ + V^.)¥-^ (2.25) 

with, on each Ti.{P±) : 

VtMi' = Qi) ( ) ( *|... ) ■ (2-26) 

Each Hilbert space Ti.{P±) is Z2 graded by the parity of the corresponding 
differential form with grading operator ±iuj represented by the matrix 



1 
-1 



(2.27) 



With respect to this grading, 'H{P±) is further decomposed as 
n{P±) = H^^\P±) © n^^\P±) and the Dirac-Kahler operator is odd. 
The operators vfl^ : n^^\P±) H^^\P±) and vf^^ : n^^\P±) n^^\P±) 
are formally adjoint in the sense that 

It is easier to use the complex coordinates Ca and CI to write explicit expres- 
sions for X*^-) : 



/a flTF - C 



Vt, ^ -j (2.8, 
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The index of the Dirac-Kahler operator, restricted to the even forms, is : 
Indexipf^-^ = dim(XerP{°^)) -dim(CoA;err>°]^)) 

= d\-m{KerVfl-^) -dmi{KerVfl-^). (2.30) 

Now, KerT>^^^^ is given by the functions such that f-^i' = 0, i.e. the 
anti-holomorphic functions on the sphere, and these are the constants, so 
that dim{KerI)^^,^) = 1. On the other hand, KerV^^^^ is given by (j) such 

that {f ~ = 0. The substitution (p = f yields = 0, so 

that the solutions are (f) — f x constant. These, however, are not integrable 
over the sphere, so that dim.(KerT>^^^) — and Index 'D^^''^) = 1 — 0. 

The same argument applies to l^f!}) and the total index is 

Index(v'l^^ + vf^^) = 2 - , (2.31) 

which equals the Euler number of the sphere. The index could also be ob- 
tained as the difference between the even and the odd zero modes of T>. 
The spectrum of the Dirac operator is obtained solving the eigenvalue equa- 
tion : 

= XiPi'^^^ , (2.32) 

A^V^^'^") . (2.33) 

To make a link with wellknown facts, it is useful to introduce the KiUing 
vector fields generating the SO{3) action on 5"^ : 




(2.34) 
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which yields 



with the Casimir 



= UtJ. + U+) +ti = -fl . (2.35) 



It follows that the eigenvalues are A = + 1) with multiplicity {2i + 1) 

and eigenvectors given by 

with 



±1 



: (v'(£ + m)(£-m + l)Y,,„_i + m CI Y,,^) 



+ 1 



3 The Projective Modules over C^{S'^, R) C 

Let be a (right) module over the algebra^ A = C°°(5'^,R) (g) C with 
involution a — > a+ given here by complex conjugation a+ = a'^. 
Assume A4 to be endowed with a sesquilinear form h, i.e. a mapping 

h: M X M ^ A: X,Y ^h{X,Y) , (3.1) 

which is bi-additive and obeys h{Xa, Yb) = h(X, Y) b . 
It is nondegenerate if h{X, Y) = 0, VX =^ Y = and 

h(X,r) = 0,Vy ^ X = 0. it is hermltlan if h{X,Y) = (h(F,X))^ and 
positive definite if it is hermitian and if h(X, X) is a positive element of A 
for all X ^ 0. 

The adjoint, S^, with respect to h of an endomorphism S G END^(7V1) is 
defined by h(X, S^Y) = h(SX, Y) . 

^Troughout this section, elements of the algebra A are denoted by {a, 6, • ■ •}, vectors 
of the module M by {X, F, • • •} and complex numbers by {k, A, • • ■} 
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The universal graded differential envelope of A (see e.g. is the graded 
differential algebra 

oo 

{KiA) = ^ ni'\A) , d^} . (3.2) 

k=0 

Its most pragmatic definition goes as follows. Let be a copy of ^ as a 
set and consider the free algebra over C generated by the elements of A and 
duA, then fi^iA) can be defined as this free algebra modulo the relations 

Kdutt + Xdub = du{i^a + Xb) , 

du{ab) = [dutt) b + a (dub) , 
d„l = 0. 

The involution in A can be extended to fiu{A) such thatQ 

(d„a)^ = d„a+, (3.3) 

and, with a„ be the main automorphism (see ( |A.1|) ) of the graded algebra 
fiu{A) , one obtains 

e n:iA) , (d„^„)^ = -a„ d„(v^+) . (3.4) 

In fact, flu{A) is an ^-bimodule so that its tensor product over A with Ai, 
^liM) = M (S)a ^'(-4), is well defined. The hermitian structure h of (|3l] ) 
can be extended to i7'(7W) by : 

h : QliM) X QliM) ^ QUA) : 

u 1 

A connection in is a maping V -.M^ Q^^\M) -.X^VX, such that : 

v{x + Y) = vx + vr, 

V(Xa) = (yX)a + X 0adua . (3.6) 
The connection also can be extended to f2'(A^) : 

V : nl^\M) ^ ni^+'\M) : 

X^a-^u^ V(X ®a Ipu) = (VX)^„ + X®a dulpu ■ (3.7) 



''Several authors, e.g. Connes in use a different convention : (d„a) — — d^a 
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The square of the connection is its curvature which is a right module homo- 
morphism : 

: fl^J:\M) ^ , i-e- V'(X a) = (v\X ®„ a ■ (3.8) 

The connection is compatible with the hermitian structure if 

duh{X, Y) = h(VX, Y) + h{X, Vr) . (3.9) 
This is easily extended to f^'(AI): 

V^„, (pu e f^;(A1), d„h(a„(V'«),0«) = h(VV'«,0«) + h(^„, V(/>„) . 

The curvature is then always a hermitian operator : 

h( V^X, F) - h(X, V V) = . (3.10) 

A free module of finite rank is a module isomorphic to A'^ and has a basis 
{Ei ; i = 1, • • • , N} so that each element of Ai can be written as X — Ei x^. 
The hermitian structure is then given by h(X, Y) = {x'^)~^ hij . 

By definition, in a standard unitary basis : hjj — 

In the basis {Ei}, the connection V is given by a. N x N matrix with entries 
in QW(^): 

VEi^Ej^aU;\ , (3.11) 
where u;\ e Q^^^ (A) , so that 

VX = Ei ®„ + uj'j x^) . (3.12) 

The curvature of the connection is then given by : 

Ei = Ej ®„ p^, ; = duUJ^i + uj\ uj\ e {A) . (3.13) 

The compatibility with the hermitian structure reads: 

d^h-ij = (^Lv'^iY h-kj + h-iiUJ^j , (3.14) 

{p\yhj-hu{p\)^0. (3.15) 
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1 if i= j , 
otherwise. 



An cndomorphism S G END^(7W), given by SEi = Ej si, has adjoint 

given by S'^'Ej = Ej {s^){ such that h^k {s'^)) = i^^iV ^Ij- 

A hermitian projective module of finite rank Alp over A is obtained from 

a free module M. as the image of a hermitian projection operator P e 

END^(Al) such that = P and P^ = P. 

An element X e M belongs to A^p = P Al iff PX = X. 

The hermitian structure h in Al defines an hermitian structure hp in Alp 

by restricting X, Y to Alp : 

hp(A:, Y) = h{X, Y) = h(PA:, Y) = h{X, PY) = h(PA:, PY) . (3.16) 

Such a projection operator can be expanded in terms of the identity and the 
Pauh-Gell-Mann hermitian traceless matrices {Aq, ; o; = 1, • • • , A^^ — 1} as 

P = ^(al + 6"Aa), (3.17) 

where a and the 6" are real valued functions on the manifold (here S'^). 
Using the multiplication of the A matrices in standard notation : 
AaA/3 ^ ^Sap + + ^ fap) , leads to : 

+ ^Saisb^'b'^ = 2a 

It can be shown that, in the case of the sphere, it is enough to consider only 
N — 2 so that, besides the trivial solutions P = 1 and P = 0, the general 
solution is obtained as : 

P(n) = ^(l+nVJ, (3.18) 

where n" are real functions on the sphere such that Sapn^n^ = 1. 

The projection operators are thus given by mappings S'^ — > and it can 

be shown that homotopic mappings define isomorphic projective modules. 

These are thus classified by the second homotopy group Tr^iS'^) ~ Z. 

In each homotopy class [n] , a representative can be choosen in various ways. 

Our choice is the following. First we choose coordinates in the domain sphere 

and in the target sphere such that the point (1,0,0) of the domain is mapped 
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on the fixed base point in the target sphere and, in this target sphere, coor- 
dinates are chosen such that the fixed base point is also given by (1,0,0). 
Let and HJ^ be the austral and boreal charts of the image sphere with 
complex coordinates z/^ , ub, then in each homotopy class [n] we choose : 

^A = (a)", 1^3 = (CbT, if[n] = +n; (3.19) 
^A = (a)", ^B = (G)", if[n] = -n. (3.20) 

In this way, and are the images of Ha and Hb- 
In a standard unitary basis ; i = 1,2} of the projection operator 
PEi = Ejp^i, with the usual representation of the Pauli matrices, is given 
by the matrix : 

V = -( ^ + ^^ n -^ny\ 
It is given in HX^, respectively in Hjf^, byQ: 

An element X = Ei a;* G A"^, given by the column matrix X = (^^2^1 

belongs to Aip if VX = X. Here are functions on S*^, given in the 

chart Ha by functions x\ of {(a, CI); related by x\ = u\x\ . In Hb they 
are given by x\,x\, with the relation x| 



c 1 
B — ^B^B 



A local, normalized basis is defined in Ha, by : 

Ea=(e, E,) Sa; Sa=( ""f] I ^ , (3.23) 

and, in Hb by : 

EB=iE, E2) Sb;Sb=( \ I \ . (3.24) 



^Here we obtain, in a quite natural way, the so-called Bott projection, used in algebraic 



K-theory |18 . We thank J.M. Gracia-Bondia for pointing this out. 



15 



In Ha n Hb, they are related by the (passive) gauge transformation : 

Ea = Eb91 , with <7f = A . (3.25) 



In these local bases an element X e M.^ is written as X — 8ax \u Ha and 
X — £bx^ in Hb with : 

x^^g^A^^- (3.26) 
The hermitian product of two elements X and Y of Alp reads 

/ip(X,r) = (a;^)+/ ini/^ 

= (a;^)+2/^ ini/s. (3.27) 

A connection V in induces a connection Vp in M.^. 

Vp = P o V : A<P ^ A<P ®a ^i'H^) , (3-28) 

such that 

VpX = E, ®„ (/^. d^o:^- + (pt 4p^^) x^) , (3.29) 
In matrix notation, this reads : 

VpA' - (VduX + (V{u)v)x) . (3.30) 
With (k) = (P(a;)7'), the curvature Vp^ reads: 

Vp'A" = (p(d„(«;))P+ («;)2 + p(d„p)(d„P)p)A' . (3.31) 
A general hermitian connection in is given by : 

{-) = -( " ] , 
z V cr+ a;2 y ' 

with ui, UJ2 and cr in Q^'^A) and a;!"*" = a;i , U2'^ — UJ2 ■ 
The matrix (k) is given in Ha by : 

(«) = , ^ f '^^'^^'^^ '^^'^^ , ^ , (3.32) 
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where 

1 1/ . ^ . X 1 



ka = 



{i>A u;iU^ + UAcr + + uj2 



and in Hb by : 



W = ^^f '^^ f"'^" 1^^' (3-33) 

where 

- (oui + I'B cr'^ + cr + ^2 ^b) I — ^ 

il-.l^lV //ii 



Kb^ - 

^1+\ub\^^^ ^1 + \ub\ 

In if^, on A" = f^A^;"^, one obtains : 

VpXiA = £a (d„a;^ + ^ax"") , (3.34) 
with the (universal) total potential 7a = '^a + , where 

IJ'A = ^^^^= (t^A d^i/^ - \/l + I^^aPcI^a/i + I^^aI^)^ (3.35) 

will be called the (universal) monopole potential. 
In the same way, in Hb, on X — Sb , one obtains : 

WpX\B = Sb {dux^ + 7bx^) , (3.36) 

with 7b = Kb + /ifi , where 



IJ'B^—. — (^z/Bd^t/^ - -^1 + |t/Bpd„y^l + I^'bP) y I. 1^ • ^3-37) 



The curvature operator reads 



Vp^ A'lA = "^A x^ , with 7^A = d„ 7a + 7a7a , 

Vp^A'iB = Sb TZb x^ , with TZb = d„ 7b + 7b7b ■ (3.38) 
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The gauge transformations in the overlap region Ha H Hb are 



.B\ ^B , ( „B\ „B 



^^A = [Oa ) f^B gA + [9 A ) ^u9a 

lA = {gT)~\Bg1+{gf)'^dug'i, (3.39) 



7^ 



A 



[giy'uBgl. (3.40) 



4 The spectral triple {A, H, V} 

The spectral triple 7i,P|, as defined by Connes 0, ||, is given here by 
the algebra A = C°°{S^, R) C^iC with complex conjugation as involution and 
W/Wa = sup^g52|/(x)| as C*-algebra norm. The Hilbert space H is given by 
the completion 7^(P+) of the left ideal 2f of sections in the Clifford algebra 
bundle with inner product : 



(^,$) = / ^'^ (4.1) 

On this Hilbert space, there is a faithful *-representation ttq of A given here 
by pointwise multiplication: 

TTo -.A^CiH) :/^/ = 7ro(/) 

(mix) =fix)^ix) (4.2) 

Faithfulness implies that operator norm and C*-algebra norm coincide : 



\A ■ 

The unbounded, essentially selfadjoint, Dirac operator is T> = i{d — S), re- 
stricted to n{P+). Its spectrum is {±^i{i + l) ; £ = 0, 1, 2, ■ ■ ■} , so that 
the resolvent {T> — z)~^ , z ^ R , is compact. 

Furthermore, its commutator with / is calculated using formula ( |A.30| ) : 
-Vj]m = {d-5)f^>-f{d-5)m 



rv(Ve-,/vi/)-/rv(Ve^,vi/) 

r V (e^(/))^) = d/ V VP 
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It is bounded, with norm squared: 

-1 



(4.3) 



The eigenvalues of |P| are ; £ = 0, 1, 2, ■ ■ ■} , with multiphcities 

(4.4) 



1 if £ = 

2(2£+l) iff^O 



These eigenvalues are ordered in an increasing sequence so that the order 
number ul of the eigenvalue = J L{L + 1), counting the multiplicity, is 



L-l 



1 + ^ 2(2£ + 1) = 2L2 - 1 . 



It follows then that the order of as — oo is (n^)^/^. In Connes' 
terminology, the spectral triple is called {d, oo) summable with d = 2. It 
can then be shown that the Dixmier trace^ Tr£)j^(^/|T'|~'^^ exists and, in our 
case, is given by : 

Trn4f\Dr) = ^lju (4.5) 
The Dirac operator extends ttq to a ^-representation vr of f2*(^) in 7i: 



TT 



7r(/od„/i ■ ■ ■ d„/fe 



(given here by 



/o[-2^,/i 
/od/i V ■■• V d/, V . (4.6) 



However, this representation is not differential since ipu ^ Ker(7r) does not 
imply TT{duipu) = 0, which is easily seen by the standard example: 



TT 



7i{2fdJ - d„(/2)) = (2/d/ - d(/2)) = , while 
(d„(2/d„/-d„(f))) =7r(2d„/d„/) =2d/Vd/ = 2(7-i(d/,d/)Id, 



We refer to P, Uj\ for the definition and properties of the Dixmier trace. 
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To obtain a graded differential algebra of operators in Ti one has to take the 
quotient of ^1{A) by the graded differential ideal, often called "junk", 

oo 

J^Jo + du ( Jo) = ( Jo^'^ + d„ Jo^'-'^) , (4.7) 

fe=0 

where Jo — Ker(7r). In this way, one obtains the graded differential algebra : 

^UA)-^ = e^^D\A), (4.8) 

k=0 

with canonical projection 

nn : KiA) - ^'uiA) (4.9) 

The classical homomorphism theorem, applied to the representation tt, yields 
the isomorphism 

In n(p^\A)'j, the scalar product of R and S, belonging to 7r(fl^\A)^, is 
defined by 

{R,S)^k) = TrDi:,{R^ SlVl"") . (4.11) 

In the corresponding Hilbert space completion H^^'^ of tt ) (^)) , let V^''^ 

be the projector on the orthogonal complement of 7r(duJ7o*^'^~^^). 

Then, {V^'^^R, V^^''S)(k) depends only on the equivalence classes of R and 5" in 

Vl^d\A) and defines a scalar product in T^g^ = V^^'^H^^^ = (n{duJo^^'^'^))^ 

which contains Q^^\A) as a dense subspace. Indeed, let Rd and Sd belong 
to n^D\A), which means that Rd and Sd are equivalence classes of elements 
R and S in n^t^\A) modulo 7r(d„ Jo^*'"^^), then 

{Rd, SD){k),D = 

Furthermore, with this scalar product, each Hd^ is endowed with a left- and 
a right representation of the unitary group u'^u — uu'^ = 1 of the algebra A 

{uRD,uSD){k),D = {Rd: SD){k),D = {RdU, Sdu) (k),D ■ (4.13) 
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This follows from {uR,uS)(k) = {R,S)(k) = {Ru, Su)(k), consequence of the 
asumed "tameness" flTTll) of the Dixmier trace : 



Trm.{fR^V\-^) = Trz5„(/?V>r') ; / e ^ , (4.14) 

and from the fact that 'P'-'^^ is a bimodule homomorphism : 

V^^^(hRh) = h{V^'\R))T2 . (4.15) 

It was shown by Connes (0, 17]) that, in the commutative Riemannian case, 
this quotient amounts to identify VL'j^i^A) with the usual de Rham algebra of 
differential forms. This can be seen from formulae ( |A.271 ),( [A.28|) , which yield 



/od/iVd/2 = /od/iAd/2 + /o(7-^(d/i,d/: 



2) 



/od/i A d/2 + ^fr'(d(/i + /2),d(A + h)) 



2 

Now, f g'^{dh,dh) = fdhy dh = d{f h) V d/i + d(^) V d(/i2) and, since 
U h)dh + {^)d{h^) = 0, fg^\dh,dh) belongs to 7r(d„Jo^^^), so that 

d/i V d/2) = /o d/i A d/2 . (4.16) 

This is generalised to arbitrary k : 

V^"^ (/o d/i V d/2 V • ■ ■ V d/fc) = /o d/i A d/2 A ■ ■ ■ A d/ . (4.17) 

Besides, the "Wick theorem" relating Clifford products with exterior prod- 
ucts (see e.g. ^^), resulting from (|A.27| ) and ( |A.28|) , yields an exphcit 



expression for the "junk" : 

/od/iVd/2V •■■ Vd/fc-/od/i Ad/2A---Ad/fc 

= +/o g~\df,, d/2) d/3 A d/4 A ■ ■ ■ A dfk 
-fo g'\dh, d/3) d/2 A d/4 A ■■• A dfk 
+ ■■■ 

+/o g-\dfu d/2) g-\dfs, d/4) d/5 A ■ ■ ■ A dfk 
- (4.18) 
The trace theorem (|^, |1^) yields : 

{RD,SD)ik),D = TrDi,{v'^'^R^V^'''^S\V\-^)= ^ /^^/ A *a , (4.19) 
where p, a are the de Rham forms corresponding to Rd and So. 
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5 The Action 

To construct an action functional for the potential and the matter field, the 
projective modules Aip = PA4 are tensored over A with the Hilbert space 
H, yielding a new Hilbert space : 

nF = Mp(S)an , (5.20) 

whose generic elements, denoted by |F), are linear combinations of the fac- 
torisable states \X 0^ with X G Mf and \l/ G 7Y. 
The scalar product, on these states, is defined by : 

((X ®, ^ II F ®„ $ )) = 7ro(hp(X, Y))<^) . (5.21) 

The representation tt of Qu{A.) ( [4.6| ) induces a right ^-module homomor- 
phism 

: KiMp) = Mp (S)a Ki^) -> Hf) , (5.22) 

defined by : 

7^^(X 0a = |X 0a vr(0„)^) . 

This homomorphism, in turn, induces a linear map 

a : BOM^[Mp,ni{Mp))^ CiKp) : T ^ 0^{T) , (5.23) 

defined by : 

a(T)|X®„^) = |7^^(TX)^) . 

The Dirac operator in Ti. and the connection Vp in A^p allow for the con- 
struction of a covariant Dirac operator P(Vp) in Tip : 

P(Vp)|X 0a ^) = 1^ ®a V^) + ^7^^(VpX)^ , (5.24) 

which has a well defined action on |X / ®a ^) = \X ®a /^)- 

Furthermore, D(Vp) is formally self-adjoint in Tip and is covariant under 

the unitary automorphisms U of A^p : 

V{^Vp)V\F) = UI?(Vp)|F) , (5.25) 

where "Vp = U o Vp o Ut. 
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The linear map ( |5.23| ) (9^ associates a selfadjoint operator TZp in Tip to the 
curvature Vp^ G HOM^(a^p, fi(f)(A<p)) so that the Dixmier trace in Hp 



defines a functional: 



J 



Vi 



\-d 



(5.26) 



On the other hand, the projection of Vp with Id ® t^d yields a connection 
Vp on A^p with values in VL^^{A). In the basis of M., this connection 
is given by (|3.28| ): 

V^(Pi?.) = VE, {^)\ , (5.27) 
with (7)^^. G obeying (7)V = V\ {l)\V', . 

The curvature (Vp)^ is a homomorphism of H0M^(^A4p, ^^■'(A^p)^, and is 
given by ( ^.31| ): 

(5.28) 



(V^^)^PE, = PE,■(7^B) 



withQ (7^B)^■^ = V\dj,{^)\V', + (7)\ (7)'. + ^^fcd,,P^dBP^™P-- . 
Let {TV)\ be one of the operators in Ti belonging to TriVt^^^A)^, whose 
equivalence class is {IZdY i- The Dixmier trace in Ti : 



'YM 



V 



D 



((7^L)V^^)'i)(2).^ = Tr,,..(p(^^7^)^■.^^^H7^)^|Dr'^) (5.29) 



is well defined and, due to tameness ( [4. 141 ), does not depend on the basis 
{^Ei^ used in M.. According to Connes 0: 



'YM 



Inf{x[Vp] ; (/rf®7rB)Vp = V^?} 



The action for the matter field, living in Tip, is given by : 



F), = (F|I?(V^^)F) 



(5.30) 



(5.31) 



where D(Vp) is the Dirac operator with connection Vp. Finally, the total 
action for the matter field |F) and the connection Vp, is : 



|F),V 



|F),V 



A S 



YM 



(5.32) 
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dz) is the differential in Vl\,{A). 
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where A is a coupling constant. 

This action and the resulting Euler-Lagrange equations will be written down 
explicitely in our case study. 

The connection Vp in A^p is obtained from ( p.34|) , (|3.36|) as 

W^Sa = £a1a. in Ha ; V^Sb = £biE . in Hb , (5.33) 
where the total potentials are locally given by: 

jD^^^^D. ^D = ^^^D_ (5.34) 

Here, 

K = nr){i^A) = t^d{i^b) (5.35) 
is a globally defined one- form on 5^, while the monopole potentials 

1/2 



^'B = -^^Ai^BAv%~v%dvn) . (5.36) 

are local one-forms, related by a gauge transformation in the overlap region: 

^l = ^'i^[gf)'^Agl. (5.37) 
The curvature two-form is also globally defined : 

p = dK + , (5.38) 
with the monopole field pm = d/z^ = d/x^ given by : 

fduA A dz/^ = -^dz/B A dz/^ . (5.39) 



i + Wa\') (i + 



J^B 



The integral of the curvature yields the Chern character of the projective 
module: 

ch(A^p) = f P = 7^ [ Pm. (5.40) 
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For example, when the homotopy class of vr2(S'^) is [n] = ±n and, provided 
we choose the representatives in (|3.19|) and (|3.20| ), then 



^K-^-) = ±^ I ' da A da = Tn . (5.41) 





2n-2 


(l + \Ca 


2n^2 



The monopole potential naturally depends on the choice of the representative 
in the relevant homotopy class. With our choice in (p.l9 ), they are given in 
spherical coordinates in Ha H Hb by : 

^ 1 + (cotg0/2)2" ^ ' 1 + (tg0/2)2n ^ ^ ^ 

Both are related by the gauge transformation 

^iA~^^B = T^ndip. (5.43) 
It should be noted that the usual potentials, which are given by 
n (cotg^/2)2 , „ (tg^/2)2 , 

differ from ours by a global differential form. 

The action for the Yang-Mills potential is, again, obtained from the trace 
theorem : 



>YM 



^^j^^p'^*P (5.45) 

The elements |F) of Hp are given, locally, by |F)|^ = Ea ®a and 
\F)\B = Eb ®a ^B, with Ea and Eb (or \E'^ and "^b) related by the passive 
gauge transformation ( |3.25| ). Since hp{EA, Ea) = 1, the scalar product of 
|F)|^ with |G)|A = Ea ®a $a is : 

(( |G) II |F) )) = ($A, ^a) = fa-\n, *a)^ . (5.46) 

Here g^^{^%'^A)^^ may be replaced by ^a A (*\&a) = W^a) ^ ^a, since 
forms of degree less than the highest, vanish under the integration symbol. 
The covariant Dirac operator acts on |F) as 

I?(V^)|F)=Ea®„Pa(7a)^a, 
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with 

VAil^)^A = ^id - 6)^ A + 11 A V *A . (5.47) 
Using the selfadjointness of the Dirac operator, the action becomes : 

Sf = ^ /^^ ^^a^a) + g-\iVA'^A)\ ^a))^ . (5.48) 

The Euler-Lagrange equations for the connection are obtained from the total 
action ( p.32| ) by the variation di^K) of k in the conection 7^ = k + /x^, so 
that d{p) = d^{K) and ^9(P^^a) = i^i^,) V ^a- 
Using the proper formulae of the appendix, it is easy to see that : 

^9(Sym) = ^ J^^^diKY Ai<5p + i<'5p'' A^{k)) 

= ^ [ (g-\^{Kr,6p)+g-\6p^,^{K)))uj (5.49) 



Under this variation of k, the matter action varies as 

^(Sf) = \ {g-\n, «^9(«:) V ^a) + g-\-i^{'^r V ^a)^ . 

Introducing the current of eq.( |A.38|) : 

J = g,ug-\i'%r V ^a) r = f , (5.50) 

the variation of the matter action becomes : 

^(Sf) = J^^{g'\f,^{K))-g'\^{Kr,j))u; . (5.51) 
Combining equations ( |5.49|) and (|5.51| ) yield the Euler-Lagrange equations: 

^Sp'^ + ^f = 0. (5.52) 

The matter equation results from the variation '^{'^a) in ( p.48|) , which yields 
the covariant Dirac equation of Benn and Tucker 

i{d- 5)^a + + p^)y ^A = . (5.53) 
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The system of coupled equations ( p.52| ) and ( |5.53| ) is consistent provided 
6j = is satisfied and this results from (|A.39| ) which holds also for the 
covariant Dirac equation. 

In the absence of matter, the absolute minimum of Sym is reached when 
p = 0, i.e. 

d/t + p„ = . (5.54) 
Using the Hodge decomposition and UdeRhami^'^) = 0? write 



K = dXo + 502 



(5.55) 



where xo is a 0-form and 02 is a two-form. Substitution in ( 5.54 ) yields 
d502 + pm = . If we put / = *02, this becomes d -k a{df) + = or 



A/ + 







(5.56) 



where A is the Laplacian on the sphere. This is essentially a result of Jayewar- 
dena for the (classical) Schwinger model on S"^. 



6 Conclusions 

In this article, we made explicit the procedure of Connes and Lott for the 
algebra of complex valued functions on the spere S"^, describing the classical 
Schwinger model on the sphere. 

Here, the non trivial topological features of the theory show up in the pro- 
jective modules over this algebra with their connections. For each projective 
module (i.e. each "sector" of the theory), the Lagrangian appears as that 
of a constrained theory in the sense that the monopole field is fixed and the 
Euler-Lagrange equations look accordingly. The Connes-Lott program, re- 
stricted here to a commutative algebra, provides a systematic and consistent 
way of dealing with topologically nontrivial aspects of gauge theories. 

A similar treatment of the, still commutative, algebra C°°{S^, R)®(C©C) 
will lead to a generalised Schwinger model on the sphere and should include 
"Higgs" type of phenomena. Finally, the genuine non-commutative algebra 
of quaternionic-valued functions on should describes instantons in the 
Connes-Lott framework. 
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Appendix 

Let M be a Riemannian manifold of dimension with cotangent bundle 
r*(M) : r*(M) -> M and let A*(r*(M)) be the exterior product bundle. Its 
space of sections consists of the differential forms JF*(M) = Y,k=Q ■^''^K^) 
which, with the exterior product A and the exterior differential d, becomes 
a graded differential algebra 0. 

The main automorphism a of the graded algebra {JF*(M), A} is defined by : 

^(■0 A </)) = A a(0) , 

«(/) = /, /G^W(M) , and 

= -i,iG^«(M). (A.l) 

and the main antiautomorphism (3 by : 

Pif) = /, /G^(°)(M), and 

m = (A.2) 

Besides the usual exterior differential d and interior product i{X) which are 
antideri vat ions on T*{M) acting from the left, i.e. 

d(7/' A0) = (d^/-) A(/) + a(^) A (d0) and (A.3) 

l{X) (V' a 0) = A + a(^) A {l{X)(P) , (A.4) 

it appears useful to define also a "right" exterior differential and interior 
product by : 

d^(^ A 0) = ^ A (d^0) + (d^^) A a(0) and (A.5) 
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We follow the conventions of Kobayashi-Nomizu mM for the Cartan exterior calculus. 
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t^{X){ij A 0) = A + {L^{X)ij) A a(0) . (A.6) 

They are related to the usual d and l{X) by 

d^ = d o a = -a o d , and l^{X) = -l{X) oa = ao l{X) . (A.7) 

The sections of the tangent bundle r(M) : T{M) M are the vector fields 
X(M) on the manifold. A vector field X G X{M) acts on the differential 
graded algebra {JF*(M), A, d} through the interior product i{X) and the Lie 
derivative 

C{X) = d o l{X) + l{X) o d = d^ o l^{X) + L^{X) o d^ . (A.8) 

Let |{e^},{£^}| be a pair of dual local bases of the tangent, respectively 
cotangent, bundle with structure functions given by : 

[e„e,]=e,^C,, or dt = ^C,, t A 0^ . (A.9) 

The metric on the manifold defines a scalar product on J^*{M) with values 
in C°°(M): 

g'^ : :F\M) X ^-(M) ^ C°°(M) : (V^, 0) -> g-\i^,ct>) , 

which is C°°(M)-bilinear, symmetric and such that forms of different order 
are orthogonal. Let ^ = ^a^-a^ 0"' A ■ ■ ■ A e""" , = 0^...^ Q!^' A ■ ■ ■ A f\ 
then 

g-\^, 0) = fc! T^a,...., 0/3,...A ^^"^''^ ■ ■ ■^7"'='''= (A.IO) 
This product has the following properties 

9'\iAxA) = 9'\x,l\<P) , 9-\xAi,cP) = g-\x,^\i) , (A.ll) 
where ^ is the vector field defined by 

The Hodge duals -k and -k' are the C°°(M)-linear mappings : 

:^('-)(M) ^^(^~^-)(M) :0^^fc0, 

12 We will also write L{X)ij = XJ V and ^ tp \X 
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given by : 

^ A = A = g-\iljA)^ ■ (A.13) 
They are related by 

= (A.14) 

and on inhomogeneous forms the action of -k and -k' is straightforward. 

The above properties (|A.11|) of imply that 

*(0AO=iJM , *'(r7A^) = (^V)J^- (A.15) 



Since *1 = ^'1 = u; , the repeated apphcation of (|A.15|) leads to : 

^'itA-'-e) = u;\~i---\l\ (A.16) 
The inverse of the Hodge star-operators are given by : 

^'iv_fcO*fc =^Ar-fcO^'fc = Sign((iet5f) Idfc . (A.17) 
Other useful properties are : 

^oa = (-l)^a , ^'o a = (-l)^a o*' , (A.18) 

g-\^^,4>) = g-\^,^'^) , (A.19) 

The complexification of the exterior bundle yields complex-valued differential 
forms JF*(M)*" with a naturally defined operation of complex conjugation 
ip ^ ip'^ and an involution ijj ^ ip"^ related by ifj'^ = Pii'^)- 
On JF*(M)*^ a C°°(5'^, R)^-sesquilinear form is given by : 

h-\ij,<P) = g-\r,<P)- (A.21) 
When M is compact^, it defines a Hermitian scalar product in !F*{M)^ : 

{ij\(P)=f h-\ij,4>)u;= f ^^A(^0)=/ (^V^)A0. (A.22) 
JM Jm Jm 



^•^If M were not compact, the scalar product can be defined for differential forms of 
compact support or for square integrable forms with the Riemannian invariant measure. 
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The completion of JF*(M)^ with this product ( |A.22| ) yields a Hilbert space 
H{M). The adjoint operators of d and d-^ with respect to this scalar product 
are the codifferentials S and 6^ obtained as follows. 

{dm = [ (d^^)A(*0) 

d(V''^ A (^0)) - / a{ilj') A d(*0) 

M JM 

^^AW^-^(dW«(0)))))) 

'A/ 

= {i^M, 

so that 

5 = ^-iodo*oa = (-1)^+1*'"^ odo^'oa . (A.23) 
In the same way 

(^id^0) = / i^Y) A (d^0) = ■ ■ ■ = {s^'m , 

and 

6^ = ^'-1 o d^ o ^' o a = (-1)^+1 od^ o ^ o a . (A.24) 

Both codifferentials are related by : 

= ao6 = -6 oa. (A.25) 

Just as the exterior algebra A*(r*) is obtained as the quotient of the tensor 
algebra 0*(r*) by the two-sided ideal Text generated by elements of the form 

{A-(r*) = (g)(r*)/J,,,,A}, 

the Clifford algebraic is obtained as the quotient by the ideal Icuff generated 
by elements of the form {^®rj + rj®^ — 2g^^{^, rj) 6/1}, 

{Ci^^\r*) = <^{r*)/IcHffM- 

Since 2ext is generated by homogeneous elements, the Z-grading of 0*(r*) 
persists in A*(r*), while Icuff being generated by inhomogeneous but even 
elements of 0*(t*), only a Z2 grading survives in CI^^\t*). 



^'^A. detailed account on Clifford algebra and the usual Dirac operator with special 
emphasis to applications in noncommutative geometry, can be found in the lecture notes 
"CLIFFORD GEOMETRY: A Seminar" by J.C.VariUy and J.M.Gracia-Bondfa of 
the University of Costa Rica. 
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As vector spaces both A*(r*) and Ci^'^^r*) are isomorphic so that they can 
be considered as a single vector space with two different products A and V, 
yielding the so-called Atiyah-Kahler algebra. This algebraic construction can 
be done in the cotangent space of each point of the manifold M , yielding an 
Atiyah-Kahler algebra-bundle with its space of sections {JF*(M), A, V}. The 
relation between the two products was given by Kahler(see[0) and, in our 
notation, reads 

TV 1 

In particular 

eV0 = eA0 + ij0, 

and 

ip\/r] = iljAri + ip\'ii. 
Further useful formulae are : 

g-\^ V ^, <j))= g-\ip, e V 0) , g-\iP, <\> V 17)= g-^[i) V r/, . 

Also 

which imply : 

...y^) = Luy {§_^y ...y , 

or, more generally : 

i.^ = p{^)yuj , *'ip = uy P{ip) . (A.29) 

The exterior differentials and codifferentials can be written in terms of the 
Levi-Civita covariant derivative as follows : 

d^ = r AiVg.tp) and 5^ = -£^J (Ve-» ; (A.30) 
d^^ = (Ve»Ar, and 5^V^ = -(Ve•»J£^ (A.31) 



■■■(e^j0) ■■■)). 

(A.26) 

(A.27) 
(A.28) 
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The Hermitian Kahler-Dirac operators are defined by : 

V^^ = ^(d - 5)^1) = ^r V {Vg^ip) , (A.32) 
V^^ = «(d^ - 6^)^ = i{Ve,^) V r • (A.33) 

A local current can be constructed as follows : 

g~\-^vrA) = ^?-^(rv(Ve>^),0) = ^7-^(Ve^,^^rv0) 

= e,{g-\r,t V 0)) - g'\r, (Ve,r) V 0)) 

-g-\r.e_^y{VeM- 

So that the current 

r = g-\ilj\e^' y (P) (A.34) 

obeys 

e-;(J^) + V>;j'' = g-'({-V^|Jy, <f>) + g-'(r, -^(P) (A.35) 

and is covariantly conserved if ip and obey the Dirac-Kahler equation 
V^ = Q = V(f). 
The current density 

= g-^ (^^, V 0) ./dd~^ (A.36) 

is then divergence free : 

divj = e^iJ^) + Cl^^J" = . (A.37) 

The current one-form 

j_ = 9,ug~\r,orym'' ^ (A.38) 

obeys 

5j = (A.39) 

and is dual to the (N-l)-form of Benn and Tucker which is closed when 
the Dirac-Kahler equation is satisfied. 
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